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Doctoral Dissertation of Xiamen University
The Vertex-Edge Expansion of Graph Polynomials
and its Applications
ABSTRACT
Graph polynomial is a powerful tool to study the enumeration problem of graphic
structures with some certain properties, which may date back to 1912 when Birkhoff
introduced the chromatic polynomial in an attempt to study the famous `four color
conjecture'. Although the chromatic polynomial has not helped one to solve the con-
jecture, the theory of graph polynomial developed from chromatic polynomial has
played an important role in both graph theory and practical enumeration problem.
The initial idea of the chromatic polynomial is to determine the number of the
ways of proper graph colorings and soon afterwards, it was shown that this num-
ber is a `polynomial' and hence comes the name of chromatic polynomial. Since
then research interests also focused on its algebraic properties, the typical of which
is on studying the algebraic and combinatorial properties related to its coefcients.
In contrast to chromatic polynomial, many graph polynomial is dened on assigning
an explicit combinatorial meaning to its coefcients, e.g., independence polynomial,
matching polynomial and cover polynomial. Whereas some other graph polynomi-
als are dened as a certain forms of subgraph expansions, e.g., the Tutte polynomial.
These polynomials dened from different perspective have a close relations. Roughly
speaking, most graph polynomials could be represented as a certain forms of sub-
graph expansions by means of inclusion-exclusion principle. In this way, the chro-
matic polynomial was generalized to various forms, such as the two-variable chro-
matic polynomial by Dohmen et al and chromatic symmetric function by Stanley and
Tutte polynomial.
In practice, graph polynomial has also related to lots of practical enumerating
problems, the calculating of which is an important research topic. In 1932, Whitney
established a classic results, namely the broken cycle theorem, to calculate the chro-
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matic polynomial. Inspired of this idea, the `broken cycle' was generalized to various
forms.
This theses focuses on studying the relations among some typical graph poly-
nomials. To this end, we introduce the concepts of `complementary duality' and the
`vertex-edge duality', by which we show that each graph polynomial based on vertex
expansion or edge expansion has its dual forms, with respect to the incident relation of
vertices and edges, roughly speaking. For an example, the independence polynomial
and the cover polynomial are complementary dual while the vertex cover polynomial
and the edge cover polynomial are vertex-edge dual. As an application, we determine
the dual polynomials of some known graph polynomials, some of which have never
been dened and studied in the literatures. In particular, applying the idea of the dual-
ity, we give a very brief proof of a result given by Alexander and Mink for calculating
the independence polynomial, and generalize it to hypergraphs.
In the last part, we establish a relation between graph matching and the abstract
`broken cycle', based on which we give a brief proof of the broken cycle theorem. Fur-
ther, we give a broken structure more general than a broken cycles, namely the broken
star, for independence polynomial. Finally, we establish a recursive representation of
the abstract broken cycle system.
Key Words: graph polynomial; complementary duality; vertex-edge duality; broken
cycle theorem; independence polynomial; broken star structure
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ÉBirkhoffÚWhitneyKÚéu,½Â
Úé¡¼ê. 3éõ+Oê¯
K¥,þUw»½n«í2/ª. Dohmen, TrinksÚNaiman, Wynn©
OlOêÚêÿÀ(ÝÑ
Äz»½n,Ú
c<e
ZïÄ¤J.
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fÆÆ¬Æ Ø©
x 1.1 Úõª9»½n
Birkhoff3 [1]¥ÏLÚ\ÚõªVg5ÁãôoÚß, ¦ò
²¡ãGÚõª½Â, G~x/Úê8, PP (G; x). w,
XJP (G; 4) > 0éu²¡ãG¤á{, @oÒy²
oÚß. 
,BirkhoffªUÏLÚõªôoÚß, ´ÚõªùãØC
þ%¤ãØ­ïÄSN.'XRead'uÚõª@ÏïÄSNn
ã [2]; 'uÚõª©ÙïÄ [3]; 'uÚõªXê5 [4]±9X
êü¸5ïÄ [5, 6];2'X'uÚõªL«/ªïÄ [7];±9«Ú
õªí2õªÃXVCþÚõª [8], Tutteõª [9]±9>õ
ª [10]. 'uÚõªõSNëFM Dong;Í [11].
·2£ÚõªnØïÄÐã. ,Birkhoff½Â
Úõª,
´lù½Â¿ØUwÑ§´õª,==½u/ã/
Ú. Whitney3 [12]¥Äkr/ã/Ú¯Kí2ã/Ú¯K,, |^
N½nÑ
Úõª'u>f8ÐmLª. =éuãG = (V;E)ÙÚ
õªL«Xe/ª,
P (G; x) =
X
SµE
(¡1)jSjxchSi;
Ù¥ chSiL«| fã (V; S)ëÏ©|ê. Ò´`, WhitneyÏLG| 
fã5xÚõªXê. 
z{éuù
| fãOê,3Ó©z
¥¦Ú\
» (broken circuit)Vg. ¿ÑÚõª¿ØIéÜfã?
1Oê,IéØ¹?Û»fã?1Oê=,ùÒ´Í¶¨
AZ»½n (Whitney's broken circuit theorem).
½n 1.1 (Whitney, [12]) G = (V;E)´{ü>IÒã, B´G3>IÒ
e»8. K
P (G; x) =
X
SµE
?¿B2B; B 6µS
(¡1)jSjxchSi:
é?¿S µ E, eSØ¹?Û», KG[S]½´Ü, l
 chSi = n¡ jSj.
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